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Abstract. We develop an integral version of Deligne cohomology for 
smooth proper real varieties Y. For this purpose the role played by 
singular cohomology in the complex case has to be replaced by ordi- 
nary bigraded & -equivariant cohomology, where & := Gal(C/M). This 
is the 6-equivariant counterpart of singular cohomology; cf. [LMM81] . 
We establish the basic properties of the theory and give a geometric 
interpretation for the groups in dimension 2 in weights 1 and 2. 
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1. Introduction 

Integral Deligne cohomology H^, C (Y; Z(p)) for a complex variety Y has 
been widely studied in the literature. When Y is smooth and proper, it is 
defined as the hyper cohomology group H n (Y, Z{p)d/c) °f the complex 

(i) z(p)d/ C ■ o - Hp) -oio 1 ^-^ np- 1 , 

where Z(p) is the constant sheaf (2-7ri) p Z and J is the sheaf of holomorphic 
j-forms. More generally, one can extend this setting to arbitrary complex 
varieties using suitable compactifications and simplicial resolutions, along 
with forms with logarithmic poles, and the resulting theory is called Deligne- 
Beilinson cohomology; see |Bei84| . An excellent account can be found in 
[EV88j . The theory is complemented by a homological counterpart and 
together they are shown to satisfy Bloch-Ogus' formalism [BQ74j ; cf. |Gil84j 
and |Jan88j . 

In this paper we develop an integral version of Deligne cohomology for 
smooth proper real varieties. For this purpose the role played by singular co- 
homology H™ in g(Y, Z(p)) in the complex case has to be replaced by ordinary 
bigraded &-equivariant cohomology H^f(Y(C), Z), where & := Gal(C/M). 
This is the S-equivariant counterpart of singular cohomology; cf. |LMM8l] . 

We must emphasize that the ordinary equivariant cohomology of a 6- 
space X is not obtained as the singular cohomology of the Borel construction 
E& x@ X. In fact, the "Borel version" of equivariant cohomology is just 
H™f(E& x X,Z) and, more generally, H™f(E& x X,Z) ^ H n {E& x e 
X;Z(p)), where the latter denotes cohomology with twisted coefficients Z(p). 
The bigraded version stems from the i?0(G)-graded equivariant cohomology 
theories developed by J. Peter May et al. in [LMM81] , [LMSM86| and 
|May96 . With weight p = ordinary equivariant cohomology was developed 



in |Bre67| and hence, for simplicity, we call it Bredon cohomology even with 
non-zero weights, thus explaining the notation H^f(X, Z). 

From a motivic standpoint, this difference can be expressed by saying that 
ordinary equivariant cohomology is to its Borel version as motivic cohomol- 
ogy is to its etale counterpart (etale-motivic cohomology; cf. [MVW06]). In 
fact, this setting is much more that a mere analogy, once one observes that 
the topological realization of the A 1 -homotopy category of schemes over R 
lands in the S-equivariant homotopy category. This realization carries mo- 
tivic cohomology to ordinary bigraded equivariant cohomology, and carries 
etale-motivic cohomology to Borel equivariant cohomology (with twisted 
coefficients). See |MV99j and [Dlu4] for details. 

Let .An/R denote the category of real holomorphic manifolds, whose ob- 
jects are pairs (M, a) consisting of a holomorphic manifold M together with 
an anti-holomorphic involution a, and whose morphisms are holomorphic 
maps commuting with the involutions. We consider those objects as hav- 
ing an action of 6 and give An^ the structure of a site using equivari- 
ant open covers. In order to introduce Deligne cohomology for proper real 
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holomorphic manifolds, we construct a real version Z(p)d/m. of the Deligne 
complex ([1]) on the site Anm and define 

(2) Hl /R (M; Zip)) := M n (M eq ; Z(p)v/m)- 

The construction of Z(p)x>m involves a replacement of the constant sheaf 
Z(p) by a complex Z{p)<z r which computes ordinary equivariant cohomology; 
cf . |Yan08| . The key technical construction is a morphism of complexes 

T p : Z(p)-Br ► £*, 

where £* is the complex of sheaves on Anm such that £ J (X) consists of those 
smooth complex- valued differential j-forms invariant under the simultaneous 
action of 6 on X S An/ R and C. Using this complex we define 

Z(p)b/r == Cone (z(p) Sr © F P Z* £*) [-1] 

where F p 8,* is the p-th. piece of the Hodge filtration. 

Amongst the basic properties of the theory are the evident long exact 
sequences and the fact that it recovers the usual theory for complex varieties. 
More precisely, given a complex projective variety Yc, let and Yc/r denote 
the associated real variety obtained by restriction of scalars. 

Proposition 13.21 Let Yc be a proper complex holomorphic manifold and let 
X be a proper smooth real algebraic variety. 

i. One has natural isomorphisms 

H^ /R (Y c/R] A(p)) - H* v/c (Y c ;A(p)), 

where the latter denotes the usual Deligne cohomology of the complex 
manifold Yc . ( See Remark \2.1\ ) 
ii. If Xc is the complex variety obtained from X by base extension, the 
corresponding map of real varieties X c /m, X induces natural homo- 
morphisms 

H^{X;A{p)) -+ W v/c (Xc;A(p)) 6 , 

where the latter denotes the invariants of the Deligne cohomology of the 
complex variety Xc- 
Hi. One has a long exact sequence 

(3) ■ - Hi£(X(C), C) e -> Hi /R (X; A(p)) A 

- h>£(x(C),A) e {™L s WC);C)} b -J^zi^ H i mg (x(cy,cf - ... 

Here X(C) denotes the set of complex points of X with the analytic topology 
and {F p Hi (X(C); C)} denotes the invariants of the p-th level of the Hodge 
filtration on singular cohomology, under the simultaneous action of & on 
X(C) and on the coefficients C of the cohomology. 

We define Deligne cohomology with negative weights p < to coin- 
cide with ordinary equivariant cohomology. Using this convention, we give 
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Table 1. Cohomology of a point 



®n,pH%>/ R {X;Z(p)) a bigraded ring structure compatible with various func- 
tors in the theory and having many computational properties. For example, 
the bigraded group structure of the cohomology of a point X = Spec(R) is 
displayed in Table Q] above, and its ring structure is displayed in Table [2j 
subsection 13.21 

Using this product structure we obtain obtain formulae for the Deligne 
cohomology ring of some relevant examples, such as: 

Corollary 13.91 Under the hypothesis of Proposition \3.8[ one has an iso- 
morphism of bigraded rings 

^ /R (X;^(*))[T]/(T^ 1 ) - H* V/R (X x V;A(*)) 

when T is given the bigrading (2, 1). 

A more general projective bundle formula together with a theory of charac- 
teristic classes appear in a forthcoming paper. 

The cases of weights p = 1 and p = 2 have interesting geometric inter- 
pretations. We first show that Z(1) :D /] R is quasi-isomorphic to X [— 1], cf. 
Corollary 14.61 an d derive as a consequence an exponential sequence relating 
the cohomology of Z(l)£ r , and X : 

Corollary 14.71 Let X be a smooth proper real algebraic variety. Then there 
is a long exact sequence 

- H^(X{C);Z) ^ H*(X; X ) ^ H*(X; 0* x ) - H* B + r ^{X{C);Z) - 
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where •d denotes the composite 

H*/ r (X(C);Z) 2* H*(X(C);C) & -» H*(X;Q X ) = H^(X(C)) & , 

and the latter denotes the invariants of the Dolbeault cohomology of the 
complex manifold X(C). 

When X is a curve, the exponential sequence then gives: 
Proposition 14.101 Let X be an irreducible, smooth, projective curve over 
K, of genus g. Then Pic{X) ^ Pic {X c ) 6 x H 2 ^{X(C),Z). 

As a corollary to this proposition we provide a new proof of Weichold's 
Theorem - a classical result in real algebraic geometry which determines 
the Picard group of a real algebraic curve. 

In order to give a geometric interpretation of H^ ) ,- R (X;Z(2)) for a real 
projective variety X we first provide in Proposition 15.31 alternative inter- 
pretations of the Bredon cohomology group H£(Y,Z) for any 6-manifold 
Y. Using Atiyah's terminology in |Ati66] . a Real vector bundle (E,t) on a 
6-manifold (Y, a) consists of a complex vector bundle Sony together with 
an isomorphism r : a*E — ► E satisfying r o a*r = Id. Now, consider the set 
£-2 00 of equivalence classes of pairs {L,q} satisfying: 
pi) L is a (smooth) complex line bundle on Y; 

p2) q: L®a*L — ► ly is an isomorphism of Real line bundles, where L®a*L 
carries the tautological Real line bundle structure. 

It follows that L2{y) becomes a group under the tensor product of line 
bundles and we show that this group is naturally isomorphic to H-q (Y, Z) . 

Now, let S = 7Tq(Y 6 ) denote the set of connected components of the fixed 
point set Y e , and identify H°(Y e ;Z x ) = (Z x ) s . Given (L,q) £ H^(Y,Z), 
the restriction of q to L\ Y e becomes a non-degenerate hermitian pairing, and 
hence it has a well-defined signature ^(L,q) £ (Z x ) s . We call 

H : H^(Y,Z) -> (Z x ) s 

the equivariant signature map of Y and the image Nt r(X) Q (Z x ) s of the 
torsion subgroup H^(Y, Z) tor under H is called the equivariant signature 
group of Y. In the case where Y = X(C) for a real algebraic variety X with 
S = ttq(X(M)), we denote the equivariant signature group of X(C) simply 
by H tor (X). For example, if X is a real algebraic curve, then H tor (A) is the 
Brauer group of X; see Section HI 

Given a proper real variety X, let PW^(X) denote the set of isomorphism 
classes (L, V, q) of triples where L is a holomorphic line bundle over X(C), 
V is a holomorphic connection on L and q: L (g> a*L — ► 1 is a holomorphic 
isomorphism of Real line bundles satisfying the following properties: 

(1) The restriction of q to X(M) is a positive-definite hermitian metric. 

(2) As a section of (L®a*L) y , q is parallel with respect to the connection 
induced by V. 
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One sees that the tensor product endows PW (X) with a group structure 
which makes PW^ {X) the kernel of ^: 

Theorem 15.101 If X is a smooth real projective variety then one has a 
natural short exact sequence 

PW V {X) Hl m (X;Z(2)) ^ K ior (A) 0. 



This paper is organized as follows. Section [2] contains background infor- 
mation and the key technical ingredients for the paper, including Proposition 
12.81 which constructs the map of complexes r p : A(p)% r — > £*. In Section 
[3] we construct Deligne complexes ^4(p)d/r for any subring Acl and de- 
fine the corresponding Deligne cohomology for proper smooth real varieties. 
In this section we prove basic properties, introduce the product structure 
and provide basic examples. In Section H] we study the weight p = 1 case, 
proving the quasi-isomorphism Z(1)x>/r — O x [— 1] together with some ap- 
plications. In Section [5] we study the group iJjy R (X; Z(2)) and associated 

interpretations of H^(X(C), Z). The proof of the main result, Theorem 
15.101 is delegated to Appendix [Bj Section [6] contains a remark about num- 
ber fields, where we give a ring homomorphism from the Milnor if-theory of 
a number field to the "diagonal" subring of integral Deligne cohomology, and 
we observe that the classical regulator of a number field can be described 
in terms of the image of the change-of-coefficients homomorphism between 
Deligne cohomology with integral and real coefficients, respectively; simi- 
lar computations can be made for arbitrary Artin motives. In Appendix lAl 
we describe the relationship between Esnault-Viehweg's "Borel version" of 
Deligne cohomology for real varieties and the theory discussed in this paper. 

In a forthcoming series of papers we first extend this theory to an integral 
Deligne-Beilinson cohomology theory for arbitrary real varieties, and study 
its relation to a corresponding notion of Mixed Hodge Structures. Then 
we provide a natural and explicit cycle map from motivic cohomology to 
Deligne cohomology, directly using the approach in [MVW06] . This is an 
alternative description, even in the complex case, of the maps discussed in 
|Blo86] . (KLMS06], |KL07| . The corresponding real intermediate Jacobians 
and their relations to real algebraic cycles are also under study. 

Acknowledgements. The first author would like to thank Texas A&M 
University and the second author would like to thank the 1ST (Instituto 
Superior Tecnico, Lisbon) for their respective warm hospitality during the 
elaboration of parts of this work; and the second author wants to thank 
Spencer Bloch for inspiring conversation and pointed questions during a 
visit to the University of Chicago. 
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2. Ordinary equivariant cohomology and sheaves 

We first introduce the various categories used throughout this article. Let 
6 := Gal (C/M.) denote the Galois group of C over R. 

a) The category of smooth manifolds with smooth (3-action and equivariant 
smooth morphisms is denoted 6-Man. Let Cov(X) be the set of coverings 
of X £ ©-Man by open S-invariant subsets. These coverings give S-Man 
a site structure whose restriction to X is denoted X eq . 

b) A real holomorphic manifold (M, a) is a smooth complex holomorphic 
manifold M endowed with an anti-holomorphic involution a : M — ► M, and 
morphisms between two such objects are holomorphic equivariant maps. 
These comprise the category Anm of real holomorphic manifolds, with its 
evident site structure. 

c) We denote by SVn/ K the category of smooth real algebraic varieties. 

d) The categories of smooth holomorphic manifolds and complex algebraic 
varieties are denoted Ani£ and Sm/c respectively. 

Remark 2.1. (1) If M is a complex manifold, denote M/ K := Mil M, 
where M denotes M with the opposite complex structure. The map 
a: M/ ffi — ► Mm sending a point in one copy of M to the same 
point in the other copy of M is an anti-holomorphic involution. The 
assignment M \— > Mm is a functor An/ C — > Anm. 

(2) Given a real variety X € Smm, let X(C) denote its set of complex- 
valued points with the analytic topology. The natural action of & 
on X(C) which a morphism of sites from Smm into An/^. 

(3) We will denote a complex algebraic variety always as Xc, and we 
use Xc/r to denote Xq seen as a real variety. It follows that the set 
of complex valued points X C / K (C) (over R) coincides with Xc(C) II 

Xc(C). The constructions above give a commuting diagram of func- 
tors: 

Sm/c Sm /R 

w 

An/c ^An /R . 

2.1. Ordinary equivariant cohomology. In |Bre67j Bredon defines an 
equivariant cohomology theory Hq(X; M) for G-spaces, where G is a fi- 
nite group and M_ is a contravariant coefficient system. When M is a 
Mackey functor, P. May ct al. [LMM81] showed that this theory can be 
uniquely extended to an i?0(G)-graded theory {Hq(X\ M), a G RO(G)}, 
called RO{G) -graded ordinary equivariant cohomology theory, where RO(G) 
denotes the orthogonal representation ring of G. When G = S, one has 
RO(&) = Z • 1 © Z • £, where 1 is the trivial representation and £ is the sign 
representation. In this paper we use the motivic notation: 

(4) K r p (X,M):= H^ pyi+P< (X;M), 
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and call H^f(X, M) bigraded Bredon cohomology. 

In the homotopy theoretic approach, one proves the existence of equivari- 
ant Eilenberg-MacLane spaces K(M, (n, p)) that classify Bredon cohomol- 
ogy (for n > p > 0). In other words, H™f(X,M) = [X + ,K(M,(n,p))] G , 
where the latter denotes the set of based equivariant homotopy classes of 
maps. When n < p one uses the suspension axiom to define the correspond- 
ing cohomology groups; sec [LMM81]. 

A quick way to construct K(Z,(n,p)) is the following. Let S n,p denote 
the one-point compactification {(n — p) ■ 1 (Bp ■ £} U {oo} of the indicated 
representation, and define Z Q (S n ' p ) := Z(S n > p )/Z({oo}), where Z(S n < p ) de- 
notes the free abelian group on S n ' p , suitably topologized. Then Zo(5 ,n,p ) is 
an Eilenberg-MacLane space K(Z, (n,p)); cf. |dS03bj . 

Example 2.2. In order to describe the bigraded cohomology ring of a point 
B := ®p, n H^f(pt,Z), first consider indeterminates e,e _1 ,r, satisfying 
dege = (1,1), dege" 1 = (-1,-1), degr = (0,2) and degr" 1 = (0,-2). 
Henceforth, e and e" 1 will always satisfy 2e = = 2e~ 1 . 
As an abelian group, "B can be written as a direct sum 

(5) S := Z[e,T]-l © Zfr" 1 ]-"© F 2 [e _1 , r" 1 ] • 6 

where each summand is a free bigraded module over the corresponding ring 
and F 2 is the field with two elements (hence 29 = 0). The respective bide- 
grees of the generators 1, a and 9 are (0, 0), (0, —2) and (0, —3). 

The product structure on S is completely determined by the following 
relations 

(6) a • t = 2, a -9 = a- e = 9- T = 9- e = 0. 

Note that ¥> is not finitely generated as a ring, and that S has no homoge- 
neous elements in degrees (p, q) when p ■ q < 0. 

We now present an alternative sheaf-theoretic construction of Bredon co- 
homology which is more suitable for our purposes. The details of such 
construction will appear in |Yan08| . 

Given U £ 6-Man, let U denote the full subcategory of 6-Man j U 
consisting of equivariant finite covering maps tt$ '■ S — > U. In particular, 
{pt} is the category S-Fin C G-Mare of finite ©-sets.. 

A topological G-Module M represents an abelian Mackey presheaf on 
S-Man, in other words, the contravariant functor M : &-J\[an op — > Ab send- 
ing U 1 — > M_{U) := Hom@- iop{U, M) is also covariant for maps in U, for all 
U G 6-Man, and satisfies the following property. Given a pull-back square 

Z — Y —> X 



Y > U 



INTEGRAL DELIGNE COHOMOLOGY FOR REAL VARIETIES 



9 



with / G U, the diagram 

M{Z) M(X) 



MX) < m(u) 

g* 

commutes. The case where M is a subring a R with trivial ©-module struc- 
ture will play a special role in this work. 

Definition 2.3. Let J be an abelian presheaf on ©-Man, and let M be a 
topological ©-module. Given U € ©-Man, let 3~(S>^ M denote the coend: 

{ ?(S)®M(S) } / K^m{U) in A6, 

where its £ U and 3C^m(^) is the subgroup generated by elements of the 
form: 

($gra') <8> m — a' <8> 4>M_*m, 

S S> 

when \^ ^/ ^ ( is a morphism in £/, a' £ 9~(S') and m E M(S). It is easy 
[/ 

to see that the assignment U i — ► J ®^ M is a contravariant functor from 
©-Man to A6. Denote by 3fM the resulting abelian presheaf on ©-Man, 
i.e. 3JM{U) :=J^M. 

Let Z\ n denote the standard topological n-simplex with the trivial ©- 
action. Using the co-simplicial structure on {A* \ n > 0} one creates a 
simplicial abelian presheaf C,(3 r ) associated to any presheaf 3 r , whose n-th 
term is 

e„(?) : [/ i — ► J(Z\ n x U). 

Denote the associated complex of sheaves by (C*^), cZ*) and use the conven- 
tion in |SGA72^ XVII 1.1.5] to define a cochain complex (C*(3~),d*) where 
:= C_ n (J) and d n : -> e n+1 (J) is defined by d n = (-l) n (L„. 

A ©-manifold X defines an abelian presheaf on ©-Man 

ZX: U ^ZRom e _ Man (U,X), 

sending U to the free abelian group on the set of smooth equivariant maps 
from U to X. Yoneda Lemma identifies Hom J 4£ ) p re 5/ 1 (Z..X', 3~) = &(X) for any 
3\ In particular, if 5F is any abelian presheaf and X £ ©-Man, the presheaf 
Hom jZX, J) sends U to ^(X x U). 

Proposition 2.4. i. T/ie assignment 9" i— > C*(9 r ;M) is covariant on 3". 
m. Ze£ 7 = [0, 1] denote the unit interval with the trivial G-action. For 
any abelian presheaf 5F let Hom (ZI, £*(?)) — ► C*(3~), 6e the map 

of complexes induced by evaluation at the end-points. Then there is a 
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homotopy hgr between Zq and i* which is natural on 9\ In particular, the 
complexes C*(5F) have homotopy-invariant cohomology presheaves. 

In what follows denote 

(C^f" 1 := C x x • • • x 1 x • • • x C x C C xP , 

where 1 appears in the i-th coordinate. 

Definition 2.5. Given a 6-manifold X, let 

J X , P : VmC^xX)) — e*(Z(C xP xX)) 
i=i 

be the map induced by the inclusions and denote 

(7) 6*(Zo(5P-P A X+)) := Cone(J x , P ). 

Write e*(Z (S p ' p )) when X = is the empty manifold. Let A C M be a 
subring endowed with the discrete topology. The p-th Bredon complex with 
coefficients in A is the complex of presheaves 

(8) A(ph r :=e*(Zo(S^))jA[-p] , 

where the coend is taken levelwise. 

The following result is proven in [Yan08] 

Theorem 2.6. Let X be a &-manifold and let A Cl be a subring, endowed 
with the discrete topology. Then for all p > and n G Z there is a natural 
isomorphism Il n (X eq ; A(p)-z r ) = Hgf(X,A) between the Cech hypercoho- 
mology of X eg with values in A(p)^ r and the equivariant cohomology group 
Kf(X,A). 

For all p, n E Z there is a forgetful functor 

(9) tp:H£f(X,A) — > H2 ing (X;A(p)) & , 

where A(p) is the S-submodule A{p) := {2 i ki) 1p A C C and the invariants 
H™ mg (X; A(p)) 6 of the singular cohomology of X with coefficients in A(p) 
are taken under the simultaneous action of 6 on X and A(p). 

In the following section we present a realization of the composition 

(10) H^(X,A) - H«. ng (X; A(p)f - K ing (X;C) & , 
where the latter is the change of coefficients map. 

2.2. Integration and change of coefficient functors. Let A p denote the 
sheaf of smooth, complex valued differential p-forms on S-manifolds. Given 
X £ 6-Man, denote 



£ p (X) = {6 G A P (X) \a*(9) = e}. 

In other words, £ p is the subsheaf of A p consisting of those p- forms invariant 
under the simultaneous action of & on X and C. 
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Let 7r : E — ► B be a locally trivial bundle, where Bbea smooth manifold, 
E is an oriented manifold-with-corners and the fiber is an orientable n- 
dimensional manifold- with-boundary F (and with corners). Let 

(11) irr. A p+n (E) ^ A P {B). 

denote the integration along the fiber homomorphism. If tt is a map in 
(5-Mara then tt\ preserves invariants, thus sending 8, p+n (E) to 8, P (B). The 
following properties are well-known. 

Properties 2.7. Let w be a (n + p)-form and let tt' : dE — ► X denote the 
restriction of tt to the boundary of E. 

i. (Projection formula) 7ri(7r*# Aiv) = 9 A tt\(uj) 

ii. (Boundary formula) dir\(uj) = n\(du;) + (— l) p 7r[(cj| aB ) 

iii. (Pull-back formula) Given a pull-back square 

E'^^E , 



then f*OTT\ = 7T; O /'* . 

iv. (Functoriality) If X — > Y Z are smooth fibrations with compact 
fibers, then (g o /); = g, o f, . 

v. (Product formula) Let 







^E 






\ 








7T 




71 



be a pull-back square where both tt and 7r' are fibrations with fiber di- 
mensions n and n', respectively. Given uj G A p+n {E) and 
one has < (/^u; A p* 2 J) = (-l) n %i(w) A tt[(u/). 

Integration along the fiber can be used to construct maps of complexes 

(12) T p : A(p)Br^£*, 

as follows. First consider J7 G S-Man and < j < p. An element in 
A{p) :) r Br {U) is represented by sums of pairs of the form a<8>m, where a = (a, f) 
with a, f and m equivariant maps satisfying 

1. a: A?--?'- 1 x S ^ (C*)^ 1 C C xP is smooth and vr: S -> U is a map in 

2. /: AP-J x 5 -> (C x )p is a smooth map; 

3. m: 5 — > j4 G is a locally constant. 
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In the diagram 



Pi . 1X7T 

U ^ A p "J x U * AP-J x S 




7r is a locally trivial fibration with fiber dimension p — j, and we consider the 
locally constant map mo p 2 = p\m as an element in £°(A P_: ' x S). Denote 



(13) 



Wp := ^ A ..-A^G^({C x r) 
ti t p 



and define 

(14) r j (a ® m) = vr, {p^m • /* cj p } G £ j ' (C/) 

where m : £ p (A p-J x S) — > £ J (C7) is the integration along the fiber homo- 
morphism. This can be extended to a homomorphism 

r J : {e p -i(Zo(S p > p ))(S) ® 4(5)} — £ J (t/). 
sec/ 

Proposition 2.8. For eac/i < j < p, the map t 3 above factors through 
Q P ~ J 1 (Zo(S p ' p )) ®fj A. Furthermore, these maps induce a morphism of com- 
plexes of presheaves 

(15) r p : A(p)v r — £*. 
Proof. Given a morphism 

4> 

S ^S' 





u 



in U, consider the associated diagram 
(16) ^P-i x S 



lXtj) 



&P~3 X S' 




{C x } p . 



Pick a = (a,/) G Cone( J p ) p ~i (S') and m G 4(5); cf. Definition E3 By 
definition, 

T J (4>*a <g> m) = 7Ti(p*m • (1 x <p)* f*u> p ). 
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It follows from Properties i)— iv) of integration along the fibers that for all 
G £*(AP-^' x S') one has h{p*m ■ (1 x <f>)*9} = n\(p'* (<j)*m) ■ 6), since the 
top square in (|16|) is a pull-back diagram. In particular, for 6 = J*lo p one 
obtains 

T°{a (g) (j)*m) = 7rj(p'*(</»*m) ■ /*w p ) = T J (4>*a &> m). 

This proves the first assertion in the proposition. 

To prove the second assertion, let di : A*' - -'" 1 A P_J be the inclusion 
of the i-th face, and pick a (g> m E Cone(J p ) p_ - 7 (£) 0^4(5), as before, repre- 
senting an element in Afy)^ (U). Then, using the sign convention relating 
the differential D of A(p)*^ r with the differential d B of e*(Z(C xP )) one gets 

(17) T j+1 (D(a &> m)) = r i+1 ((-(£a,a + d£/) ig> m) 

n 

= 7T, (p*rn ■ a*u p ) + (-l)^(-ir7r!(p*m-5*ru; p ), 

i=i 

where p: A P_J ~ 1 x S — > S is the projection. Since a: A. p ~^~ x S — > C xP 
factors through some 

(C x )r C C xP , one has a*o; p = 0. On the other hand, 

n n 

(18) J2(-l)%(p*m ■ d*f*u; p ) = ^(-inm x lf{p*m ■ f*u p }) 

i=l i=l 

= h{{p*m ■ f*u p }\ g{AP _ JxS) ) = (-iyd7ri(p*m ■ f*uj p ); 

cf. the boundary formula (|2.7|j nl It follows from (|17p and (|18|) that r J+1 oD = 
doW, for 1 < j < p. 

The two remaining cases are: 

(19) ^£ p+1 (l0 

d 

A(p)l r {U)—^^(U) 



d- 1 

A(p)£{U) -0 

Given /: 5 — > C xP , m: S* — > ^4 with S € U, then the boundary formula 
for integration along the fibers gives d 7n(m • f*u> p ) = 0, thus showing that 
(fT9l) commutes. 



and 
(20) 
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To show that flU} commutes, pick /: S x A p+1 — ► C xP , m: S -> A. 
Then: 



r (D[/®m]) = r 



{^(-l) fe /o(lx5 fe )8)m] 
U=o J 



P+i 

= ^(-l) fc vr ! (m-(lx9 fc r/H) 

k=0 
p+1 

= £(-l)**i((lx d k )*{m- fu p }) 

k=0 

= dTt\(m ■ f*Lo p ) ± 7T\(d{m ■ f*uJ p )) = 0. 
The functoriality of the maps t 3 with respect to U should be evident. □ 

Remark 2.9. Recall that if U is a 6-manifold, one obtains a natural 6- 

isomorphism JJ tTlv x 6 ^ [/ x 6 by sending (x,g) to (gx,g). On the 
other hand, £ p (C/ triv x 6) is the subgroup of A p (U triv x ©) 9* ,A p ([/ triv ) x 
yL p (J7 triv ) invariant under the involution that sends (cji,uv) to (uv, olf). 
This observation shows that we have a functor 

F: E P (U x 6) ^A P (X) 

satisfying the following properties: 

(1) F commutes with differentials; 

(2) If i: U x & — > f7 x & is the 6-homeomorphism sending (x,a) to 
(a;, era), then F{i*uj) = a*F(co); 

(3) Fop* = /ci, where p: (7 x (3 — > (7 is the projection. 

To describe the product structure on A(*)% r , let T n:Tll := {a: A n+m — > 
A n x A m | n > 0, m > 0} be the triangulation of A n x A m inducing 
the Alexander- Whitney diagonal approximation; cf. [ES521 p. 68]. Given 
p, q > 0, the (external) pairing of presheaves Z(C xP ) <8> Z(C X<7 ) — > Z(C xP+q ) 
yields a pairing of complexes 

(21) e*(z(c xP )) ® e*(z(c x9 )) e*(z(c xP+9 )) 

in the usual manner. Denoting e*(Z(C x? ')) := ®[ =1 C*(Z((C X )[~ 1 )), one 
sees that this pairing sends both e*(Z(C^))®e*(Z(C x9 )) and 6*(Z(C xP ))® 
C*(Z.(C x9 )) to Q*(Z(C xP+q )), and hence it induces a pairing of complexes 

(22) e*{z (s p *)) ® e*(z (s M )) e*(z (s p+9 ' p+9 )). 

Finally, the multiplication ,4 (8) .A — ► ,4 together with the appropriate sign 
conventions yields a pairing of complexes \x: A(p)^ r (g) ^4(g)sr ~~ * J 4(p + ( z)2r- 
See the proof of Theorem 12.101 b elow . 
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Theorem 2.10. The maps of complexes r are compatible with multiplica- 
tion. In other words, for every p,q > and one has a commutative 
diagram of presheaves: 



A(p) 



Br 



A( q y 



Br 



Mp + qTI 3 

Tp+q 



Proof. Given U G 6-Man, elements in A{p)l Br {U) and A(q) : l Br (U) are rep- 
resented respectively by a <8> m = (a, f) (g) m and (3 <8> n = (b,g) ®n, where 

(1) its'- S — > U and ttt- T — ► U are in U and it: S X[/ T — > U denotes 
their fibered product; 

(2) a: AP-*- 1 x S -> C r xP ~\ /: A p_i x S -> C xP smooth equivariant, 
and m: S — > A locally constant; 

(3) b: A*-!- 1 xT-t C* 9-1 , g: A q ~i xT-»C x ' smooth and equivari- 
ant, and n: T — > A locally constant. 

The relevant maps in the constructions that follow are summarized in the 
diagram 




where a: A?+i-*-3 -> A* -i x A q ~ j is in Tp-i t9 -j. 

By definition, fj, (a ® m, /3 ® n) = (a L>u g + f L>u b, f L>u g) <£> m * n, 
where f U v g := (-1)^+?) E CTe r p _,, 9 _, ("1) H (/ x 5 ) o i o (a x 1), and 
m-kn: S xjj T ^ A is defined asm* n(s, i) = m(s)n(t) £ A The elements 
a Uu g and f Liu b are defined similarly. 
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Hence 

(23) (-iy<t+P) T p+q {p{a®m,f3®n)) = 

= ^(-it 1 ^ ({(a x 1) op}*(m*n) ■ {(/ x g) o i o (a x l)}*u p+g ) 

a 

= ^(-1) I<t| <t, ((a x 1)* {p*(m*n) ■ i* o (f x g)*u; p+q }) 

a 

= ^(-1)^, ((a x l)*{p*(m*n) • f (/*u, p x «f a;,)}) . 

cr 

The collection r^-i 9 „j gives a triangulation of A p_2 x A q ~ J and hence 

(24) ^(-1) H <7, ((a x l)*{p*(m*«) • i*{fu p x 5 *^)}) 

(7 

= (7rojp)] (p*(m*n) ■ i*(f*uj p x #*w g )) = (vrop)i (p^cts A p* T a T ) , 

where as '■= p* s m ■ f*uj p and ax '■= p^m ■ g*Lo q . The product formula 
(see Properties EZDjvj) ) gives (ir op)\ {p* s as A p^ar) = (-l)( p_l)j ' 71-5,(05) A 
ttt^ot) := (— l)^ p_l ^Vp(a (8) m) A r g (/3 <8> n). The theorem now follows from 
this last identity together with {23]) and (pkjh □ 

Remark 2.11. The forgetful functor 0: iT*'*(X,,4) #* ng (X;C) s de- 
scribed in (jlOp is the ring homomorphism induced by the morphisms of 
complexes r* : v4(*)er — ► £*■ 

3. Deligne cohomology for real varieties 

In this section we restrict our attention to Anm, the category of real 
holomorphic manifolds, seen as a site with the topology induced by S-Man. 
In particular, heretofore the complexes A(p)<£ r , £,* and A* will be restricted 
to An^g. 

The Hodge decomposition A n = ®i+j= n A 1 ' 3 is invariant with respect to 
the S-action on A n and this gives a Hodge filtration {F p 8,*} on the complex 
£* of invariant smooth forms. 

Definition 3.1. Let A C R be a subring endowed with the discrete topology. 

i. Given p > 0, define the p-th equivariant Deligne complex A(p)%,/^ on 
An/^ as: 

(25) AGOb/k := Cone {A{p)^ F"£* X £*) [-1], 

where i p (a,u;) = r p (a) — w; cf. (fT5|) . 

ii. Given a proper manifold X £ An™ and p > 0, define the Deligne 
cohomology of X as the Gech hyper cohomology groups 

(26) W v/R (X;A(p)) := & {X cq ; A(p) D/K ) , 
where X eq denotes the equivariant site of X. 
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iii. If p < 0, define H l v/R (X;A{p)) := H^(X(C),A). In other words, 
Deligne cohomology with negative weights is defined so as to coincide 
with Bredon cohomology. 

iv. The following diagram introduces notation for the various natural maps 
arising from the cone (I25p . 

3 

H: iag (x(cy,z( P )) 6 



(27) H^ P (X(C),A) 



Hl, s (X-A(p)) ^ H^ r "(X(C),A) ©-F p ff a 1 ng (X(C) 



F"H^ n ,(X(C); 




Proposition 3.2. Let Yq be a proper complex holomorphic manifold and 
let X be a proper smooth real algebraic variety. 

i. One has natural isomorphisms 

W v/R (Y c/R ;A(p)) - W v/c (Y c ;A(p)), 

where the latter denotes the usual Deligne cohomology of the complex 
manifold Yc ■ ( See Remark \2.1\ ) 

ii. If X<£ is the complex variety obtained from X by base extension, the 
corresponding map of real varieties X^/ R — > X induces natural homo- 
morphisms 

W v/R (X;A(p)) -+ W v/c (X c ;A(p)) & , 

where the latter denotes the invariants of the Deligne cohomology of the 
complex variety Xc- 

iii. One has a long exact sequence 

(28) ■ - H^xiOXf - H^ /R (X;A(p)) ^ 

- H£(X(C),A) © {F*>Hi ing (X(C);C)} e Hl mg (X(C);C) 6 

Remark 3.3. The map F^ /R (X; A(p)) -> i?^ /c (X c ; A(p)) & , is not an 
isomorphism in general. However, it is always an isomorphism when 1/2 e 
A. 

Example 3.4. Denote 

D^:=i4 /R (SpecR;Z(p)) 

Djf : = #«j /R (SpecM; R(p)) and 

^ ■= fli/ c (SpecR;Z(p)), 
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and let T> l ' p — ► B* ,p := H^ P (pt,7j) denote the natural map between the 
Deligne and Bredon cohomology groups of a point, respectively. See Ex- 
ample [272]. The following statements follow from the exact sequence in the 
Proposition above and from the definitions. Fix p > 0. 

i. The vanishing of singular cohomology in negative degrees gives isomor- 
phisms V-t'P ■=* S-** = 0, for i > 0. 

fZ(0) , if i = 

1 , otherwise . 

iii. For p > one has an exact sequence 

_> B°' p -> iT°(pi; C) e = R -»■ D 1,p B 1,p 0. 

iv. For t + 0, 1 one has V^ p S**. 
Now, 



s o,p ^ JZ(2fc) , ifp = 2fc 
I , if p is odd 



and 

B 1 * 




if p = 2 A; + 1 
if p is even 



Hence, D°' p = 0, for all p > 0, and for > 1 one has short exact sequences: 
(e k ) -» Z(2fc) -» R -» D 1 - 2 * -> 

and 

(o k ) -> K -> D 1 ' 2 *- 1 -> Z/2Z -> 0. 

Using similar exact sequences, one concludes that 

(29) Dj 2 * -1 = R Dc' 2fe_1 = c 

is the inclusion as fixed point set, and the change of coefficients homomor- 
phism is given by 

(30) D 1 - 2 *- 1 = M x — > D*' 2 * -1 

X i — ► log 

It follows that D 1 ' 2 * = R/Z(2Jfe) and that T> 1 > 2k ~ 1 ^ R x . See Table Q] for 
a display of the bigraded group structure of D*>*. 
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3.1. Product structure I: positive weights. The constructions in this 
section are modelled after |EV88j . 

Definition 3.5. Given < a < 1 and p, q > 0, define a pairing of complexes 
of presheaves 

(31) U a : A(p)* B/R © A(qy m -> A(p + g)J/ K 
by 

(a, 0, w) U Q (a, 0', J) := (a - a, A 6', lu A 3 a [a', 0'] + (-l)*Hi_ Q [a, 0]), 

where (a,0,u/) G A(p) l Sr F? 5 £ i £ i_1 , (a',0',u/) G A(g)4 r © F 9 £ j © £ J ' _1 
and for (it, 77) G A(p)^ r © F p £L l one defines 

H f (it, ??) := (1 - t) Tp(u) + i 77. 

The following results are straightforward and their proofs are left to the 
reader. 

Proposition 3.6. Fix p, q > and let X be a proper real holomorphic 
manifold. 

i. The pairings U a are homotopic to each other, for all < a < 1, and 
they induce pairings 

U: H*vp(X;A(p))®H 3 v p(X;A(q))^H$fr(X-,A(j> + q)), 

satisfying a U b = (— 1)* J 6 U a. 

ii. The natural maps H^^ R (X; A(p)) — > H*^(X,A), for p > 0, are compat- 
ible with the respective multiplicative structures of Deligne and Bredon 
cohomology. 

Hi. The natural map t: m(X; A(0)) — > H^(X(C),A) is a ring isomor- 
phism. 

Well-known facts from Bredon cohomology allow the computation of a 
few more examples. 

Example 3.7. Let X G Ara/ K be a real cellular proper algebraic variety, and 
let CH*{X) denote its Chow ring, seen as a bigraded ring where CH P (X) 
has degree (2p,p). As a bigraded ring, the Bredon cohomology of X with 
Z-coefficients is given by iT*' r *(X(C),Z) CH*(X) © £*•*, cf. |dSLF07j . 
Since CH*{X) is free and Bredon cohomology is a geometric cohomology 
theory in the sense of |Kar00j . it follows that H^*(X,A) = CH*(X) ©2^*, 
where 23^* := (pt, A) and A C 1 is a subring of K. Furthermore, the 
singular cohomology of X(C) with C-coefficients is invariant and of Hodge 
type (p,p). Hence, the long exact sequence in the Proposition 13.21 and the 
above observations give natural isomorphisms: 

(32) H% /R (X;A(p)) - H%/(X(C),A) - fl*(X(C); A(p)f 

^ CH p (X) © A. 
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In particular, when X = P p , one has H%*(W,A) = , B^*[/i]/(/i p+1 ), where 



h G i7g 1 (P p ,Z) is the first Chern class of the hyperplane bundle in Bredon 
cohomology. Define £ G H^ ) m(P p ; A(l)) as the element corresponding to h 

via the isomorphisms ([32]) . It follows that -ff^ R (P p ; A{j)) = Z is generated 

by £ J , for all < j < p and is for j > p. 

Let £ G iJ|,/ K (X x P P ;A(1)) denote the pull-back under the projection 
X x P p -> P p of the class £ G i?^ /R (P p ; A(l)) defined above, and let vr: X x 
P p — > X denote the projection onto X. 

Given a G H^^X x P p ; A(-r)), with r, fc > 0, define aL)£ k G Hg£(X x 
P p ;A(/c-r)) as follows: 

j a - h k , if k <r 

[ (a ■ h r ) U £ fc ~ r , if ft; > r. 

Here we are identifying Deligne and Bredon cohomology with weights < 0, 
and being careful to differentiate between h and £ and between the product 
a ■ h k in Bredon cohomology and the U product for Deligne cohomology with 
positive weights. 

The following result is a preliminary version of a more general projective 
bundle formula. 

Proposition 3.8. Let X be a proper real holomorphic manifold. Given 
integers p > and i,q G Z, the map 

V: ® p J=0 H^(X;A(q-j)) — H^X x P p ; A(q)) 



(33) a U £ 



A: 



(a , • • • , a p ) i — ► 7r*a + it* ax U £ H h 7r*a p U £ p 



is an isomorphism. 



Proof. Denote by £c the image of £ under the cycle map into singular co- 
homology with complex coefficients. Since £c is of Hodge type (p,p) and 
invariant under 6, the map a i-> vr*aU^ from IP-^(X (C); C) to H' l {X(C) x 
P p (C);C) sends (X(C); C) e to F9fl*(X(C) x P P (C);C) S . 

Recall that Chern classes are compatible under the forgetful functor from 
Bredon cohomology to singular cohomology and that the projective bundle 
formula holds in both theories; cf. |dS03a] . The result now follows from the 
definition of U£ in Deligne cohomology and the five-lemma suitably applied 
to the long exact sequences in Proposition 13.21 □ 

3.2. Product structure II: arbitrary weights. Given p, q > define the 
product 

(34) U: H^ /R (X;A(-p))^H^ /R (X;A(-q)) - H£/ R (X; A(-p - q)) 

simply as the product in Bredon cohomology. Given < \r\ < p, one uses 
(pi) to define 

* : H* V/U (X; A{-p)) ® H^ /R (X; A(p - r)) - H^/ R +2p (X x P p ; A(p - r)) 
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M/Z(8) 


r 3 e 2 





r 2 e 4 


7 











M x 





r 2 e 3 





6 











R/Z(6) 


r 2 e 2 





re 4 


5 











M x 





T£ 3 





4 











R/Z(4) 


re 1 





e 4 


3 











R x 





e 3 





2 











K/Z(2) 


e 2 








1 











M x 




















1 














-1 



















-2 








2T" 1 










-3 








e 










-4 








2t~ 2 










-5 




e- 2 e 





r- l e 










-6 


e~ 3 6 







2r" 3 










-7 





e- 2 T- l e 





t-H 










-8 









2r" 4 












-3 


-2 


-1 





1 


2 


3 


4 



Table 2. Generators for cohomology of a point 



by sending a®b \-> a*b := (aU£ p )Uvr*6. Now, let vr t : H%f+ 2p (X xW; A(p- 
r)) — > H^j^(X; A(—r)) denote the composition of (see Proposition I3.8P 
with the projection onto the last factor. Sending a cS> b i— > 7Tf(a* 6) defines 
the product 

(35) U : H^ /R (X; A(-p)) ® H^ /R (X; A(p - r)) - H^X; A(-r)), 

Combining Proposition ^. 61 (|34p and (|35p one defines a product on Deligne 
cohomology which makes H^^(X; A(*)) — > i? B ' r (X(C),A) a natural map 
of bigraded rings. 

Corollary 3.9. Under the hypothesis of Proposition \3.8[ one has an iso- 
morphism of bigraded rings 

H*v /R (X;A(*))[T]/(TP +1 ) - H^{X x P?;A(*)) 

when T is given the bigrading (2, 1). 

The ring structure of D*'* can be easily read from Table [2j See Example 
12.21 for notation. 

4. The exponential sequence 

In this section we show that Z(1)x>/r is quasi-isomorphic to X [— 1]. As 
an immediate corollary, we obtain an exponential sequence relating the co- 
homology of Z(l)£ r , and X . Using this sequence we obtain a new proof 
of Weichold's Theorem - a classical result in real algebraic geometry. 
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Definition 4.1. Let X be a smooth algebraic variety and let (D^o^ir) 
denote the following cochain complex of abelian sheaves on X 

p0,0x <91og o,l d n0,2 d 
c x ► c x —> c x — > • • • 

where £°^° x C 8, x denotes the subsheaf of nowhere zero functions and E. x q C 
tL p x q denotes the subsheaf on invariant (p + c/)-forms of Hodge type (p, q). 



Remark 4.2. (1) It is easy to check that dyi) is a resolution of O x . 

Similarly, — > £°'° fi ' 1 ■ ■ ■ is a soft resolution of 0. 
(2) The exponential map — > X extends to a map exp: £ '* — > "X* 
between the respective resolutions. 

Definition 4.3. Recall that an element in (U) is represented by sums 

of pairs of the form / ® m, with / and m equivariant maps such that 

(1) /: S — > C x is smooth and it : S — > U is in U; 

(2) m: S — > Z £ is locally constant. 

Let ??: Z(l)^. -► £°' 0x be the map sending / ® m E Z(l)^ r (C7) to 

r ? (/®m) = 7T ! (/ m ). 
Alternatively r/(/ ® m)(u) = ILe*--!^) f(s) m{s) - 

Remark 4.4. It follows from this definition that, given a € Z(l)°n and 
a £ Z(l)^ r we have rjV = log77(<r(l)) — log 77(17(0)) and rfa = dlogna. 

Proposition 4.5. There is a quasi-isomorphism c;: "L{l)xi/^ ~~ ^ %>*[— 1] 
suc/i £/iai i/ie composite £*[— 1] — > Z(1)<d/k 1] induces the map 

exp: C x [-1] -» 0*[-l], and i/ie composition £°»*[-l] -» Z(1)d /r -► Dl*[-1] 
induces the map exp: 0x[— 1] — ► 0y[-l]. 

Proof. Let X be a projective real variety and let ?: Z(l)<iy]g — ► CR.* [ — 1] 
denote the map of complexes displayed in the following diagram: 

d' 1 d° 
- Z(l)° Sr — Z(l)^. © £^ © £° ^£i-i © £2,0 © £1 . . . 



p o,i 



»)-cxp 

ft 1 — - • • • 

where n ■ exp denotes the map (/, to, h) 1— > n(/) exp /i, and p 0,1 denotes the 
projection from fi 1 to £ 0,1 . Similarly, for i > 1 we set ? l = p 0,J , where 
p0,i . _^ gO,r j g ^jj e projection. 

It is easy to check c is a map of cochain complexes and that the cohomol- 
ogy presheaves of both complexes are concentrated in dimension 1. Hence 
it suffices to check that H 1 ^) is an isomorphism on the stalks. 
Surjectivity: Note that tf^f-l]) = H°(Jl*) X and let g £ X , u G X. 
Let /i G 0„ be such that exp h = g. Set a = in Z(l)s rjU (so that a can be 
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represented, for example, by 1 (g) 0) and set w = ^ G £«°. Then we have, 
^2(1);,, m ( a > k>, /i) = and ? u (a, cu, /i) = 5. 

Injectivity: Let (a,u>,h) G Z(l)^ Ku , a £ I, be such that <; u (a,u!,h) = 
and R ( Q! ' CJ ' ^) = ^he ^ rs ^ equality just means that — /i is a 

logarithm for 77(a). From the second equality we get 

u> = —dh — t\q> = — {dh + dlog 77(a)) = 0. 

Let Yli fi ® TTij be a representative for a (cf. Definition 14. 5p . Choose log fi 
so that £\ mj log /j = — /i, shrinking neighborhoods if necessary, and define 



a := [ A 1 3 t*—> exp 



t rrii log /j 



G Z(l 



Then, by our choice of log /j, we have ^(i)^ K (°") = (a,w,/i). 

The remaining assertions are evident. □ 

Corollary 4.6. The complexes Z(1)d/r and O x [— 1] are quasi-isomorphic. 

Corollary 4.7 (Exponential Sequence). Let X be a smooth proper real al- 
gebraic variety. Then there is a long exact sequence 

-> fl#(.X-(C);Z) ^ ff*(X;O x ) ^ /T(X; 0^) -» H*+ 1 ' 1 (X(C);Z) -» 

where 7? denotes the composite 

H*/ r (X(C);Z) 2* H*(X(C);C) & -» H*(X;O x ) = H^'\X(C)f, 

and the latter denotes the invariants of the Dolbeault cohomology of the 
complex manifold X(C). 

Proof. From the hypercohomology long exact sequence of the cone and 
Lemma 14.51 we get the following exact sequence 

^ H£(X(Cy,Z) ®W*(X-,F 1 £* X ) ^U*(X;£.* X ) -» H*(X;(D*) 

which, in turn, gives 

H^(X(C);Z) ^ cokcv(B*{X;F 1 e* x ) -> M*(X;£* X )) -> H*(X;Q%). 

Now, since Cone(F 1 £* -» £*) ~ £ '* and since H*(Jf ; F 1 ^) -> W(X; t* x ) 
is injective, we have 

coker {W{X;F l E* x ) -> fi[*(X;£^)) ^ H*(X;£^*) iT(X;Gx). 

The assertion about the map t? follows immediately from the construction 
of this sequence. □ 

Remark 4.8. A similar exact sequence appears in |Kra91| . 



24 DOS SANTOS AND LIMA-FILHO 

4.1. An application. Given a real variety X, denote S = tto(X(M)). Hence 
#°(X(R);Z X ) 9* (Z x ) s and F°(X(R);Z X ) 9* (Z x ) 5 /Z x , where Z x C 
(Z x ) 5 is the subgroup of constant functions. 

Lemma 4.9. Let X be an irreducible, smooth, projective curve over R ; of 
genus g. Let c denote the number of connected components of X(M.) Then 

H 2 / r (X(C);Z) - Zx(Z x ) 5 /Z x - Zx{ (Z/2) ^ 

Proo/. By Poincare dualtity i^'/pf (Z); Z) = H^(X(C);Z), where the last 
group denotes Z-graded Bredon homology. The following exact sequence is 
well known (see (LLFMQ3]) 

- ^ ing (X(C)/6;Z) - H^ (X(C);Z) - ff (^(M);Z x ) - 0. 

If X(R) = the sequence gives fl"®(X(C);Z) = Z since under the above 
assumptions X(C)/& is connected. 

IfX(R) / 0thenF^(X(C);Z) 9* Zx#^(X(C); Z), where the #^(-;Z) 
denotes reduced Bredon homology. There is a reduced version of the se- 
quence above which gives H$ T {X(C);Z) ^ # (A:(R);Z X ) (Z x ) c "\ be- 
cause ^ ing (X(C)/6; Z) = 0. □ 

Denote F := H 1 {X C , 0) and let A C V be the lattice 

A := Im{j c : H^(X C , Z(l)) ^(^C.O)}, 

so that Pic(Xc) = V/A. Taking fixed points gives a short exact sequence 

(36) 0^ A e ^V e ^ Pic (X c ) e ^ H 1 ^^). 

This shows that V & /A 6 is the connected component Pico(Xc)^ . Now, 
Proposition [Aj] shows that H^(X(C),A) = H^(X(C), A), hence one can 
use the Leray-Serre spectral sequence to conclude that the image of the 
natural map j : H^(X(C),Z) fl^-Xc, 0) is precisely A e . 

Proposition 4.10. Let X be an irreducible, smooth, projective curve over 
R ; of genus g. Then 

Pic(X) * Pic (Xc)^ x H 2 / r (X{C),Z). 

Proof. By the previous results, Pic(X) fits in the following exact sequence 

H^(X(C),Z) 4 H\X C - 0) s Pic(X) ^ fr^cxcq.z) 0. 

The result follows. □ 

Corollary 4.11 (Weichold's Theorem |PW9H Proposition 1.1]). With X 
as above, let c denote the number of connected components of X(R). Then 

Pzc(X) <* Zx(R/Z)*x{ (Z/2)C ~q p c t° } 

Proof. This follows directly from the proposition together with Lemma 14.91 

□ 
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5. The group H 2 )/r (X;Z{2)) 

In this section we derive a geometric interpretation of the integral coho- 
mology group H^^ R (X; Z(2)) for a real projective variety X. As a moti- 
vation we start with a geometric interpretation of the Bredon cohomology 
group -ffgj 2 ( Y, Z) of an arbitrary S-manifold Y. 

5.1. Variations on the theme of H^ 2 (Y, Z). As a S-manifold, the sphere 
S 2 ' 2 is isomorphic to P X (C) with the action induced by a linear involution 
a. Describing the action in homogeneous coordinates by a: [xq : x{\ i— >• [xq : 
— xi], one sees that SP OCl (P 1 (C)) = P°°(C) inherits the linear involution 
a([xo : xi : X2 :•••]) = [xq : —x\ : X2 : —X3 : •••] and that this is 
an equivariant K(Z, (2,2)); cf. [dS03b| . In particular, one can define a 
linear isomorphism of tautological bundles r: a* 0(— 1) — > 0(— 1) satisfying 
r o (cr*r) = 1. 

Given a S-space Y, with involution cr, let -Pi(Y) denote the set of pairs 
(L, t) where: 

tl) L is a (smooth) complex line bundle on Y; 
t2) r: a*L — > L is a bundle isomorphism; 
t3) r o (cj*r) = 1. 

Define an equivalence relation on P\{L) by (L,t) ~i (L',t') iff there exists 
an isomorphism (/> : L — > L' such that (f) o t = t' o a*(j>. 

Lemma 5.1. T/ie tensor product of line bundles induces a group structure 
on the set &i(Y) := Pi(Y)/ ~i 0/ equivalence classes of pairs satisfying 
tl)-t3). Furthermore, this group is naturally isomorphic to „(Y,Z). 

Proof. The first assertion is clear and the last one follows from the fact 
that (CP 00 , a) with the linear involution a described above is an equivariant 
K(Z,(2,2)). □ 

Recall that a Real vector bundle (E, r) on a S-manifold (Y, cr) consists of 
a complex vector bundle E on Y together with an isomorphism t: a*E ^ E 
satisfying tog*t = Id. Now, consider the set PziY) consisting of pairs (L, q) 
satisfying: 

pi) L is a (smooth) complex line bundle on Y; 

p2) q: L®a*L — > ly is an isomorphism of Real line bundles, where L®a*L 

carries the tautological Real line bundle structure; 
Denote (L,q) ~2 (L',q') iff there is an isomorphism 0: L — > L' satisfying 
q' o (0® <7*</>) = q and observe that this is an equivalence relation on P%(Y). 

Lemma 5.2. The tensor product also induces a group structure on the set 
£<2(Y) := f^(Y)/ ~2 of isomorphism classes of pairs (L,q) satisfying pi) 
P 2). 

Finally, consider the complex of sheaves G° —> G 1 on S-Man where 
(37) G°(U) = {/: tf-> C x I / is smooth } 
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and 

(38) G l (U) = {/: U — > C x | / is smooth and equivariant}, 
where a: G° — ► G 1 is the "transfer map" a(f) = f • a*f. 
Proposition 5.3. There are natural isomorphisms 

H 2 f r : (Y,Z) = hH(y,z) £i(y) ~ £ 2 (Y) H 1 (y e9 ; G° — > G 1 ). 

Proof. The first two isomorphisms follow from Lemma 15.11 and Proposition 
IA.ll respectively, and the last isomorphism is a tautology. 

Given (L,t) E Pi(Y), pick a hermitian metric h: L ® L — ► ly on L and 

define q£: L <g> a*L — > ly as the composition L a*L > L <g> L — > ly, 

where r: a*L — ► L is the map induced by r. It is easy to see that 
is an isomorphism of Real line bundles, and hence we obtain an element 
(L,q£)eP 2 (F). 

Suppose that ip: V — > L induces an equivalence (L',t') ~i (L,t) and 
pick a hermitian metric h on L. One sees that (L',q^, h ) ~2 (L,c£). It 
follows that one has a well-defined homomorphism £i(Y) — ► £<2(Y) sending 
[L,t] to (L,q^), where /i is any choice of metric on L. The construction of 
the inverse homomorphism is evident. □ 

Let S = 7ro(Y 6 ) denote the set of connected components of the fixed 
point set Y e , and identify H°(Y & ; Z x ) = (Z x ) s . Observe that the Kiinneth 
formula yields a natural isomorphism H^ T (Y e ; Z) = H 2 (Y e x B&; Z(2)) = 
flO(r e ;Z x )©£Z2ng(y 6 ;Z(2)). Using the first identification in Proposition 
15.31 one considers the composition 

H^(Y,Z) = flJ£(Y;Z) - # b 2 ; 2 r (Y e ;Z) - ff°(F 6 ;Z x ) 

of the restriction map followed by the evident projection to obtain a natural 
homomorphism 

(39) N: H^(Y,Z) -> (Z x ) 5 

This map has a natural geometric interpretation when one uses the iden- 
tification i?g r 2 (y, Z) = £i2(Y). Given (L, q) € £<2(Y), the restriction of q 
to L\ Y e becomes a non-degenerate hermitian pairing, and hence it has a 
well-defined signature ^(L,q) £ (Z x ) 5 . It is easy to see that this is another 
description of (f39|) . 

Definition 5.4. We call H : -ff B ' r (Y,Z) — ► (Z x ) the equivariant signature 
map of Y. The image Ntor(Y) C (Z x ) s of the torsion subgroup H^(Y, Z)tor 
under H is called the equivariant signature group of Y. In the case where 
Y = X(C) for a real algebraic variety X with 5 = 7To(X(M)), we denote the 
equivariant signature group of X(C) simply by ^ to r(^)- 

Example 5.5. When X is a projective algebraic curve, it follows from the 
cohomology sequence of the pair (E& x@ X(C),B& x X(R)) that H is an 
isomorphism. As a consequence, one obtains isomorphisms i? B ' r (X(C), Z) = 
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Br(X) = NtorPO) where Br(X) is the Brauer group of X, since Br(X) = 
(Z x ) 5 when X is an algebraic curve; cf. |Wit34j . 

5.2. The Deligne group H^^(X; Z(2)). The Hodge filtration on singular 
cohomology induces a filtration on Bredon cohomology, with 

FiH^(X(C),Z) : = ^V^'^ngWC^C); 

see diagram (|27j) for notation. 

Proposition 5.6. For any smooth real projective variety X, one has 
F 2 H 2 / r (X(C),Z) = tf 2 ' 2 (A(C),Z) tor = im( e ), 



where g is the cycle map from Deligne to Bredon cohomology (|27p . in par- 
ticular the image of the composition 

^ /M (X;Z(2)) 4 H 2 £(X(C), Z) ^ ff°(X(M),Z x ) 
is £/ie equivariant signature group Ht or (X). 



Proof. Consider diagram (|27p with p = n = 2. Since the middle row is ex- 
act, one concludes that im(g) = F 2 H^ r (X, Z), by definition. On the other 
hand, jo^ : tf 2 ' 2 (X(C), Z) -» tf 2 (A(C);C) factors as H$?(X(C), Z) -» 
ff 2 ' 2 (X(C),Z)/tor - # 2 ' 2 (A(C),Z) ® Q — F 2 ng (X(C);Z(2)) ® Q - 
F 2 (X(C);C). The injectivity of H$?(X(C),Z)®Q ^ H 2 ing (X(C); Z(2))®Q 

follows from the isomorphism F 2 ' 2 (X(C), Z) ^ ff 2 ; 2 (X(C); Z) and well- 
known facts in equivariant cohomology. Since 

tf 2 ng (A(C); Z(2)) ®Qn F 2 H 2 (X(C); C) = 0, 

one concludes that 

F 2 i? 2 > 2 (X(C),Z) = tf 2 ' 2 (X(C),Z) tor . 

□ 

The next goal is to provide a geometric interpretation to the kernel of the 
surjection ^ : H^^(X; Z(2)) — ► N tor (X). To this purpose, consider triples 
(L, V,q) where L is a holomorphic line bundle over X(C), V is a holomor- 
phic connection on L and q:L®cr*L^lisa holomorphic isomorphism of 
Real line bundles satisfying the following properties: 

(1) The restriction of q to is a positive-definite hermitian metric 



(2) As a section of (L®cr*L) v , q is parallel with respect to the connection 
induced by V. 

A morphism between two such triples /: (L, V,q) — ► (L' , V',q') consists 
of a line bundle map /: L — > L' such that q' o (/ ® <r*/) = q and V' o / = 
(1®/)oV. 
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Definition 5.7. Given a real variety X, let PW^(X) denote the set of 
isomorphism classes (L, V, q) of triples as above. This is a group under the 
operation 

(L, V, q) (L', V', q') := (L ® L', V ® 1 + 1 ® V',q- q'), 
which we call the differential Picard-Witt group of X. 



The group PW^(X) has an alternative definition in terms of a complex 
rp* . <p0 rpl _P_^ rp2 Q £ p res h e aves on Ari/R. Given a real analytic variety 
{/, define 

3>°(J7) := 0* (U) = {f:U -> C x | / is holomorphic }; 

and 

J 1 (to == ^(c/)©o* + (c/), 

where Q^(C/) denotes the holomorphic 1-forms on C7 and Ojjj (C) denotes 
the subgroup of 0^(f7) consisting of those holomorphic Real functions / 
(i.e. o~*f = f) which are positive on the real locus UiM) := U 6 . Finally, 
define T 2 (U) as the group of Real holomorphic 1-forms on U, in other words 

y 2 (u) : = ni(u) := {V E Qk(U) |^0 = v}- 

Define D: ?°(U) -► ^(L/) as £>(#) := (d ff /#, 5 • a*g) and D: ^(C/) -» 
T 2 (U) as L>(^, /) := ^ + - #//■ 

Proposition 5.8. i-W v (X) is naturally isomorphic to H 1 (X e9 ; T* ) . 

Proof. This is straightforward. □ 

Remark 5.9. Given (L, V, q) in PVF V (X) one can always find an equivari- 
ant cover IX and a cocycle c in C^QI, T*) representing (L, V, q) that has the 
form c = ((g aQai ) ( (^a )> (1) ))• in other words, [c] is determined by 
(9a oai ), (ipa ) satisfying: 

i ; 9« ai E ^c(^*oai) an d <5(g» ai) = 1 (gives the cocycle condition for 
a holomorphic line bundle L); 

ii: ^ ^ a ° ai J = 6(ip ao ) (gives the holomorphic connection on L); 
iii: g ao ai ' o~*g aoai = 1 (gives the hermitian form q); 
iv: ip ao £ ^c(^) an d V'ao + (J * ? / ; qo = 0, i.e. V«o ^ s a holomorphic 
anti- invariant 1-form (q is parallel). 

The main result of this section is the following. 

Theorem 5.10. If X is a smooth real projective variety then one has a 
natural short exact sequence 

PW^(X) iJ^ /R (X;Z(2)) ^ H ior (X) - 0. 

Proof. See Appendix [Bj □ 
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6. A REMARK ON NUMBER FIELDS 

Let F be a number field and let Tk and Fc denote the sets of real and 
complex embeddings of F, respectively. One can write Tc = x 6, where 
contains one chosen element in each S-orbit of T^. 

Abusing language, write HJ^^F; A(p)) instead of HJ^^X; A(p)), where 
X := Spec(F ig)Q R). Observe that X(C) = ]J Tc, and hence 

H^F-Aip)) = H r v/R (r R ;A(p)) x H r v/R (T C ; A(p)) 

(40) = A(p)) r * x fl5, /c (* ; A(p)) r c 

^H^(*;A(p)) s *H r v/c (*;A(p))\ 



where A is a subring of K and Tr = {ipi, . . . , (p s } and = {771, . . . , i] t }. In 
particular, 

(41) H^ /R (F;Z(1)) = (M x ) rR x (C x ) r -^ ^ (R x ) s x (C x )' and 

i^ /M (F;IR(l)) = E r » x R r « + ^ I s x l'; 

cf. Example 13.41 Taking adjoints to the evaluation maps F x x Tk — » IR X 
and F x x — > C x gives a monomorphism 

(42) F x - (M x ) r » x (C x ) r c + ee ^ /R (F;Z(1)). 

Since ®p>oH^,^(F; Z(p)) is a graded commutative ring this map induces a 
homomorphism 

(43) p: T(F X ) -> © p > ^ /R (F;Z(p)), 

where T(F X ) is the tensor algebra of -F x . Using the commutativity of the 
diagram 

F x ® F x Hi(F; Z(l)) 8) i?i /c (F; Z(l)) #U(F; Z(2)) 



flJ^F, Z) g) fl£(F, Z) : H^(F, Z), 

together with the description of the ring structure of the Bredon cohomology 
of a point 12.21 one concludes that if a 7^ 0, 1, then g(a <8> (1 — a)) = 0. It 
follows that g descends to a homomorphism 

(44) q: K?{F) - © P >o^ /R (F; Z(p)), 

from the Milnor .ff -theory ring of F to the "diagonal" subring of the integral 
Deligne cohomology of F. 

Remark 6.1. i. If follows from the work of Bass and Tate that 
K^{R)/2K^ 2 (R) ^ ©i D i ' i and K^(R)/2K^{R) 9* Z/2[e] ^ ©(B* 1 *. 
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ii. Since 7r: Spec(F ®q M) — > S'pec(R) is a finite cover, one has an additive 
transfer homomorphism 

(45) tt,: #i /K (F;M(l)) -> #i /K (R; R(l)) 

(xi, . . . ,x 3 ;yi, . . . ,y t ) >-> xi H hx s + 2yi H h 2y t ; 

see flU). 

iii. In subsequent work we will show that the homomorphism (|44p is a par- 
ticular case of a natural transformation between the motivic cohomology 
of a real variety and its integral Deligne cohomology. 

It follows from (|4ip and (|30|) that the composition 

F x - #i /R (F;Z(l)) - ^ /K (F;M(1)) 

is given by 

(46) F x — ► R" x M* 

x i — ► (log |v?i(x)|, . . . ,log |</> s (x)|; log \r)i(x)\, . . . ,log |7ft(x)|). 

Basic class field theory shows that the image of the units Op of the rings of 

integers of F under this map is a lattice L in the hyperplane H : x\ -\ + 

x s + 2y2 + • • • + 2yt = 0, i.e., the kernel of the transfer homomorphism (|45D . 
Therefore, the Euclidean volume of this lattice in H is given by Vol(L) = 

^ s £ At R, where R is the classical regulator of F. 

Appendix A. The Borel/Esnault-Viehweg version 

Given any equivariant cohomology theory rj* on ©-spaces, one can define 
its corresponding Borel version f)£ or as f)£ or (t/) := t)*(U x E&), where EG 
is a contractible 6 — CW-complex on which & acts freely. In particular, 
one has an associated Borel cohomology theory H^z.(X,A). This theory is 
(0, 2) periodic and can be more easily calculated than Bredon cohomology, 
via Leray-Serre spectral sequences 

E^(p) := H r (e,K s (X;A(p))) H r h + s > p (X(C), A). 

It is easy to see that the natural map Zq(S p ' p ) — ► F(E&,I*o(S p ' p )) is an 
equivariant homotopy equivalence, thus giving the following result. 

Proposition A.l. Let Y be a &-space. For all p > and n < p one has a 

natural isomorphism Hg' p (Y,A) = H^ P (Y, A) . 

In order to translate this construction into our context, denote X := 
(SpecC)/ K and let E,& := N(X — > SpecM) be the nerve of the cover 
X — > SpecM. This is a smooth simplicial real projective variety with the 
property that E 9 <5(C) is a simplicial object in Anm whose geometric re- 
alization |i?,©(C)| is a model for E&. In particular, Z(E 9 &(C)) defines a 
simplicial abelian presheaf on 6-Man whose associated complex (graded in 
negative degrees) is denoted Z(E&)* 
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Definition A. 2. Given a complex of presheaves 3* on G-Man, define its 
associated Borel complex as 

T hoT := Hom (Z(Ee)*,T), 

and let l^* : 3* — > 3^ or denote the natural map induced by the projection 
E 9 & — > SpecM. In particular, given p G Z one can define the Borel version 
of the Deligne complex as A(p)]^J R := (^4(p)u/R) bor an d the Borel version 
of the Bredon complex as A(p)^ . Correspondingly, given X G An/^ define 
its Borel version of Deligne cohomology as 

H l W or(X;A(p)) := W(X cq ,A(p) h $ R ), 
and the Borel version of Bredon cohomology as 

Ht(X,A) :=W(X cq ;A(p)^) 
It follows from the definitions that 

Mp)1°/r = Cone [a{ P )^ F"£ bor - £ bor ) [ — !]■ 
Proposition A. 3. Given p£Z one /ias map o/ exact triangles on An/^ : 
A{p)<zr © FP£* £* A{p) v/R [l] 



A(p) b $ R A(p)% © FPE* bor > £* 6or A(p)^[l] 



Corollary A. 4. Let X be a real analytic manifold such that X 6 = 0. Then 
l: H^^X; A{p)) — ► #jw K bor (X; A(p)) is an isomorphism for all i and p. 

Proof. Since multiplication by 2 is invertible in £* and preserves the filtra- 
tion {F p £*} one concludes that l: F p li* — > F p ££ or is a quasi-isomorphism 
for all p G Z. The result now follows from the five- lemma and the fact the 
same result holds for Bredon cohomology. □ 

Remark A. 5. When X is a projective smooth real variety, the associ- 
ated Borel version of the Deligne cohomology groups H^,^ hor (X; A{p)) de- 
fined above coincide with the Deligne cohomology for real varieties intro- 
duced by Esnault and Viehweg in |EV88| . However, in general, the groups 
H^^ R (X;A(p)) and Hl^^^^X; A(p)) are rather distinct. 

Appendix B. Proof of Theorem 15.101 
We will need the following two technical lemmas. 

Lemma B.l. Let i: Z — > £° denote the natural inclusion of sheaves on 
S-Man. Given any real number A one can find a map of presheaves £\ : Z — > 
Z(2)!g r such that for each U G ©-Man, the composition 



Z(U) ^Z(2)°3 r ([/) ^£°(C7) 



coincides with A • i. 
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Proof. Let a > be a positive real number and let I a denote the interval 
[a, 1] if a < 1 and [l,o] if a > 1. Let ^ : A 2 -t R x x I x C C x x C x , 
i = 1, 2 be smooth maps that give an oriented triangulation of the rectangle 
I a x I a C M x x M x . It follows that 



/ (0a,1^2 + #^2) = (log a) 
J A 2 



2 



Let pu'-U — > * denote the projection to the point, where U is a (5- 
manifold. Given v G Z(U), define £ A (i/) G Z(2)^ r (*7) by 

{{jPu<t>a,i + Pu4>a,2) ® v , if A > and a = exp 
— {Pu4>a,i + Pu4>a,2) ®v , if A < and a = exp 
It is clear that £\ is a homomorphism satisfying the desired conditions. □ 

Lemma B.2 (The period argument). Given a G Z(p)'B r ([/) satisfying 
d B a = 0, then r(a) G Z(p)(U). In other words, r(a) G £°(C/) is a locally 
constant equivariant function with values in Z(p). 

Proof. The cocycle a is represented by an element of the form (a, ^ /j ® 
fj), where fc. Si x A p — ► (C x ) p is smooth and equivariant, Pi'. Si — ► ?7 
is an equivariant covering map, and : 5j — > Z is equivariant and locally 
constant. Since dr(a) = r(d B a) = 0, we know that r(a) is an equivariant 
locally constant function. 

Given xq G U and y G p^ 1 (xq) C C/j the restriction of f% to y x A p is 
a smooth proper map, and hence one obtains a smooth integral p-simplex 
f i# [y x A p ] in (C x ) p with boundary df i# [y x A p ] = f i# [y x 5A P ]. It follows 
that 

4 s/e7rr 1 (x ) 

is a smooth integral p-cycle on (C x ) p and a simple inspection shows that 
j T oj p = t{o){xq). On the other hand, since T a ^ xo represents an integral 

homology class in (C x ) p , then f T uj p is a period of uj p over an integral 

homology class and hence it lies in Z(p). □ 

B.l. Cocycles for Bredon cohomology. As a preparation to the main 
arguments of next section, we describe the isomorphism 

(47) M 2 (X(C) cq ;Z(2) 2r ) -> H 1 (X(C) eq ; G° ^ G 1 ) 

in terms of Gech cocycles; cf. Proposition 15.31 

If U is a 6-manifold, we denote by JJ the same space with the trivial 
S-action. Given integers n > j > let Z) nj C (n — j) ■ 1 ® j • £ denote the 
unit ball in M. n with the action induced by the representation. We say that a 
S-manifold U has Type (3 if it is equivariantly isomorphic to (£) n >°) tnv x S. 
We say that U has Type P if U = D n > j , for some j > 0. 

Let Y" be a S-manifold of dimension n. A good cover for Y is an open cover 
V = {V a | a G A} such that all non-empty intersections are contractible. We 
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may even assume that these intersections are homeomorphic to disks. We 
say that V is equivariantly good if the group permutes the open sets in the 
cover. A cover with these properties always yields an equivariant good 
cover XL, i.e. a cover by S-invariant open sets having the property that 
all elements U ao ... ak := U ao D • • • fl U ak in the nerve of U have either Type 
6 or Type P. Furthermore, if one of the elements ao,...,a.k has Type 
&, then the intersection ao • • • a& is required to have Type 6. Also, if all 
cko, . . ■ , a-k have Type P, then intersection ao • • • a& must also have Type P. 
Abusing language, we say that the index ao • • • ctk has Type S or Type P, 
accordingly. 

Remark B.3. Using totally convex balls for a Riemannian metric so that 
a acts via isometries, one sees that any S-manifold Y has an equivariant 
good cover. Also, these covers form a cofinal family amongst the family of 
all equivariant covers of Y. 

Lemma B.4 (The local obstruction argument). Let Y be a & -manifold 
whose path- components are all contractible. Then, for allp > 0, the complex 
Z(p) 3r (y x 6) is acyclic, i.e. W (Z(p) Sr (Y x ©)) =0 for all j / 0. 
In particular, Z(p)% r (U) is acyclic if U is a 6-manifold of Type & and 
%'(p)'Br(U x 6) is acyclic if U has Type P. 

Proof. Using the isomorphism U x 6 = U tnv x 6 in Remark IB.3f ii) , pick 
one point in each path component of Y and obtain an equivariant strong 
deformation retraction Y x & ~ 7To(K) x &, where 7T"o(Y) is given the discrete 
topology. It follows from Proposition 12.41 that one has a quasi-isomorphism 
^(p)sr(^ x 6) ~ Z(p)% r (iro(Y) x 6). Now, the cohomology of the latter 
complex gives the bigraded Bredon cohomology groups H^(ttq(Y) x ©, Z) = 
H* ing (ir (Y);Z(p)). The result follows. " □ 

Let U := {U a | A G A} be an "equivariant good cover" of Y and let 
h = f(^4 — <xj) M + J = 2,j > 0^ be a Cech cocycle representing an element 
[h] G H 2 (y cq ; Z(2)£ r ). The cocycle condition gives: 

(48) d B h 2 ao = and ^... a . = d B h^.. aj+i for all i < 1, 

where d B and 5 are the differentials in the Bredon and Cech complexes, 
respectively. 

MAIN GOAL: We will find a representative ((g aoai ) , {Pa )) £ C(U, G° — > 
G 1 ) for $([ETJ), satisfying: 

<KSa ai) = !; 

(Sooai ' °"*9qiQi) = ^(Pao)' 
{<r*Pa ) = (poo)- 
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Remark B.5. Let [h] be as above. Given a fixed point xq G Y 6 , let U ao 
be an element of the cover (necessarily of Type P) containing xq. Since 
Z(p)^ r has homotopy invariant cohomology presheaves, one has natural iso- 
morphisms W (Z(2) Br (J7 ao ) = W' 2 . It follows from (gHJ) that h 2 ao represents 
a class in H 2 (Z(2) Br ({7 ao )) ^ B 2 ' 2 ^ Z x , thus giving an element in Z x . 
Notice that this element is the same for any point x G U ao n y s and it 
is easy to see that it depends only on the class [h] G H^ r (y e ,Z). Hence, 
the resulting map S — > Z x depends only on [h], and this is an additional 
description of the signature map in terms of Cech-Bredon cocycles. 



The identity 5(h° aoaiol2 ) = (d B h a l.. a3 ) gives S(t/i° 0Q1Q2 ) = and hence, 
since £° is a soft sheaf, one can find /° oai G £°(U aoai ) such that 

(49) (Th° aoaia2 )=6(f° oai ). 

Let p : y x S — > y denote the projection. Given any Qo • • • otj in the nerve 
of the covering U, we use the same notation p: U ao ... a . x 6 — > U ao ... a . to 
denote the corresponding projection. For any presheaf ? on ©-Man and 
/i G 3~(£7 Q0 ... Qi ) let p*h G ^(C/q-o...^. x ©) denote the pull-back of h under p. 

Type & case: 

Recall that if is of Type S, for some k = 1, . . . ,j, then so is U ao ... aj . 
Step 1: If oq is of Type 6, then the local obstruction argument (Lemma 
IB, 4ft implies that one can find ti G Z(2)^ r {U ao ) such that 

(50) d B ti o =h 2 aQ . 

Step 2: Assume that both «o and ol\ are of Type &. Since 

(51) d B { (hi oai ) - 5(ti ) ) = 5(h 2 ao ) - S(h 2 ao ) = 0, 

by the cocycle condition, the local obstruction argument guarantees the 
existence of t° aoai G l*(2)'B r (U aiai ) such that 

(52) d B tl iai ={h l aQai )-5{t\ ). 

Step 3: Here we only consider oiq ■ ■ ■ otj in the nerve of the cover U for which 
all ctfc's are of Type 6. Observe that 

d B ((h aoaia2 ) + 5(t° aoai )) = -d(hi oai ) + S(d B t° aoai ) 

= S(h 1 aoai )+5((h 1 aoai )-8(t 1 ao )) = 0. 

Applying r one obtains d ((t/i„ oQiQ2 ) + 5(Tt®, oai )) = 0, and hence Lemma 
IB. 21 (the periods argument) shows that 

(^a «i«2) := ( r ^ao«ia2) + ^( r ^aoai) 

consists of locally constant equivariant functions f Q0Cn o 2 : U aoaia2 — > Z(2). 
Using (|49|) one writes 

(53) (^000102) = ^ (/«o"i r ^oo"i) ' 
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Step 4: Denote g ao ai '■= fa oai + r *« «i ana - cnoose a square root i of — 1. 
Define 

(54) # aoai = exp ( -^—g aoai ) and p Qo = 1. 

\ZTTl J 

The cocycle condition 
(55) 



when all a's are of Type © follows from (f53|) . Since g Q0C[1 — cr*g aoai = one 
concludes that 



(56) g aoai ■ cr*g aoai = 1 = p s /p c 

on U aoai and by definition 



(57) a*p a = p a . 

Type P case: 

Recall that if is of Type P, for all k = 1, . . . , j, then so is U ao ... aj . 
Step 1: If ao is of Type P, then the local obstruction argument (Lemma 
El gives some i l ao G Z(2)^(C/ Q0 x 6) such that d 3 ^ = p*h 2 aQ . 

Given any ao define 



(58) T\ 



ii > if «o is of Type P, 



and observe that d B T^ = P*h 2 ao . 

Step 2: If either ao or a i is of Type P then 

(59) d B {(p*h 1 aoai )-5(T^))=0. 

Since H> 1,2 = 0, it follows from the local obstruction argument (see Remark 
IB. 5ft that one obtains t a aoai G Z(2)^ r (U aoai x &) such that 

(60) d B P aoai = (p*hi oai )-5(T^). 

Step 3: Here we consider those ao • • • otj in the nerve of the cover U for 
which one of the a&'s is of Type P. In this case one has 

d B {(p*h° aoaia2 ) + 5(i° aoai ))=0. 

Applying t one obtains d {{rp* h° aoaia2 ) + 5{TtP aoai )) = 0. It follows from 

Lemma[R2]that (u aoai a 2 ) '■= (7"P*^a aia 2 )+^( r ^oai) consists of equivariant 
locally constant functions U aoaia2 x & — > Z(2). In view of Remark 12.91 we 
can also consider v aQaia2 as a non-equivariant locally constant function from 
U aoaia2 to Z(2). 

Step 4: Let i : U x 6 — > £7 x 6 be as in Remark 12.91 Observe that 

(61) d B (z*ri - ri ) = i *d B ri - = ^y/^ - h 2 ao = o. 

It follows from the local obstruction argument that 

(62) t*T^-T^=d B j° ao , 
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for some 7° 6 Z(2)^ r (U ao x (3). In particular, one has d B (7° + z*7q ) = 0, 
and the period argument shows that 

(63) r^ ao ) +l *T{f ao )=C aoi 

for some equivariant locally constant function C ao on U ao x (3 with values 
in Z(2). 

Define <? aocn := p* fl o0ll +Tt° aoai . Then 

(64) (g aoai ) - ^*(5 a o a l) " 5(r( 7 ° )) = rP aom - z*rP aoctl - S(r(f ao )) 

= T (t° - i*p - 5(^° )) 

On the other hand, equations ([60]) and ([62]) give 

(65) d B (t° aoai - z*P aoai - S(f ao )) = 5 (-Ti + i*T l ao - d B (t )) 

= 0, 

and hence Lemma fB. 21 shows that (g aoai ) — i*(g aoai ) — <5(t(7q )) consists of 
equivariant locally constant functions from U aoai x 6 to Z(2). 

Using the notation in Remark 12.9] define g aoai = F(g aoai ) = /° 0Ql + 
F(r(t^ ai )), and 7° := i*V(7° ). With the same choice of square root i of 
— 1 as in the Type 6 case, define 



(66) g aoai = exp ( — g aoai ) and p ao = exp ( — 7° 



1 

Step 3 shows that 
(67) 



and ([64]) together with subsequent remarks and properties of the functor F 
show that 



(68) g aoai ■ o-*g aoai = p ai /p 



on U aoai . Finally, fl63]) and Remark EH give F(r(7° )) + <r*F(r(7° )) = 
F(C ao ) '■= C ao - In particular, C ao is an equivariant locally constant function 
on J7 ao with values in Z(2), and hence 



-7° )-o* (-/)=- 
2iri la ° \2TTi lao 2iri 



^-C ao gZ(l)([/ a8 ). 



This gives 



(69) a*p ao =p ao . 

In other words ((3 Qoai ), (p« )) defines a 1-cocycle in £7* (IX, G° — > G 1 ). It is 

easy to check that this process would send a Cech coboundary to a cobound- 
ary in C* (U, G° — > G 1 ) , realizing the isomorphism ([47]) . 
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B.2. The proof. We now prove Theorem 15. 101 

Proof. Let U be an equivariant good cover of X(C) and fix a cocycle c = 
(c r ' s ) r+s= 2 € C 2 (U; Z(2)£)/ R ) representing a class in H^,^(X; 1>(2)). Since 
c r ' s = for r > 2, the cocycle condition is given by 

(70) Dc 2 '° = and Dc r - M+1 = (-l) s 5c r ' s , r < 1. 

Recall that Z(2)d /r = Cone (z(2) Sr © F 2 £* £*) [-1]. 
Write 

(71) c 2 >° = ( (/£,), «), «,) ) 

(72) c 1 ' 1 = ( (^ 0Q1 ), 0, (CaJ ) 

(73) c°> 2 = ( (h° aoaia2 ), 0, ) 

(74) c-^ +i =[(h~l M2+ J, 0, 0), i>l. 

Since Dc 2,0 = 0, one has for all ao *E A : 

(75) (f B /i 2 = 0, (by definition) ; 

(76) du 2 ao = 0; 

(77) r(h 2 ao )-J^+dB 1 ao = 0. 
Similarly, Dc ' = Sc 2,0 gives the identities: 

(78) (d B h 1 aoai ) = 5(h 2 ao ) 

(79) = 5(io ao ) 

(so) -(rh 1 aoai )-(de° aoai ) = 6(e 1 ao ), 

Dc ' 2 = —5c 1 ' 1 gives: 

(81) (d B h° aoaia2 ) = -5(h 1 aoai ) 

(82) (rh° aoaia2 ) = 5(6° aoai ) 
and for all r < one has : 

(83) {d B Ki:} as+r ) = (-iys(h~i. ar+2 ). 

The assignment c := (c r ' s ) i— > h := (/iL.... a ) gi ves the cycle map from 
Deligne to Bredon cohomology. Assume that c G ker^, hence ^([c]) = 
H([h]) = 0. Therefore the Cech-Bredon cocycle h is "unobstructed" and we 
can apply the arguments in Type © Case above; see (|50p . Furthermore, 
the data in the Cech-Deligne complex gives a natural choice for the /„ oai 
introduced in (fl9j) . More precisely, one can choose fa oai '■= $a oai ; c f- (|82|) . 

It follows that one can take g aoai '■= exp {^i9a ai) , with 

(84) daoax = ^aoaj + r (^a ai)' 

to obtain a cocycle for the line bundle associated to [h]; cf. ([5lj) . However, 
one can find an equivalent holomorphic cocycle as follows. 
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Write the 1-form a aa := = a 1 ^ + a°dl as a sum of their (1,0) and 

(0,1) parts, respectively, where is introduced in (|50l) . Since da ao = 

d (C + Tt *o) = d0 l + dr (h 2 ao ) = ul , cf. P]) and (J77D, and w*, is a form 
of type (2, 0) one concludes that 

(85) Sal] = 

(86) daX = -Ba]f Q 

(87) da 1 * = u4 

It follows from the <9-Poincare lemma that one can find /° G £°(L r Q , ) (equi- 
variant) such that 

(88) Bfi =a° e £. 
Now define 



Hence, 

^a 0Ql = {dfeoaj ' 1 + S(5f° ao ) = {d9° aoai + T(d B tO oQl )}°' 1 + 5/° 

= {<<«» +r(h 1 aoai ) -5(C)} ' 1 + <W° ) 

= {-<*«) " (rhl oai ) + (rhl oai ) - Sitlj} ' 1 + 5(3f° aa ) 

= -H0 1 ao +rt l a f' 1 + 5(dO 

= -*(«£?) + *(5/2 ) = 0, 

cf. (EHD. 



Defining 



(90) 9aoai • — ex P ( 27ri^ a ° ai 



one obtains a holomorphic structure (g aoai ) for L. See Remark l5.9f i). 
Now, define 



(91) Va := ^ ( 9 /«o " O = ^ " ^ " <J • 
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It follows from f|88H and f|86[) that ip ao is a holomorphic 1-form. Furthermore, 

d -^) =^{(dga oai ) + 6(df ao )} 

= ^ + (^ B CaJ + Woo) + ^/ao)} 

= {-*(^o) " (^aoaj + r ((^ oai ) - 5(4)) 

+j(a/ ao ) + ( 5(g/ QO )} 



1 

2^i 



See Remark l5.9n i). 

Remark B.6. It follows from (ED, (fSOD and (EH) that 



Therefore, (V'ao) defines a holomorphic connection V on the holomorphic 
line bundle L associated to (g ao ai)- Since both g aoai and f ao are equivariant 
functions, it follows that 



and this defines a holomorphic isomorphism q: L®a*L — > 1 which becomes 
a positive definite hermitian form on X(R). (See Remark 15. 9f iii).) Finally, 
the identity a*ip ao + ipa = shows that q is parallel with respect to the 
connection on L (g> a*L induced by V. See Remark l5.9f iv). 

We have thus associated to c, with [c] E ker\I/, a triple (L, q, V) of ele- 
ments satisfying the conditions in Definition 15.71 This gives a well-defined 
homomorphism 

(92) $ : ker ^ — > PW V (X) . 



We now proceed to show that this is in fact an isomorphism. 



40 



DOS SANTOS AND LIMA-FILHO 



Lemma B.7. There is a natural transformation 0: PW^ {— ) — > H^(— , Z) 
such that for all U G ©-Man the following diagram commutes 

ker ^_L_£Z| /R (i7;Z(2)) 



P^ V (C/) — -*#g(tf,Z). 



e 

Proof. Using the interpretation of H^(U,7j) as equivalence classes [L,q] of 
pairs as in Proposition 15.31 then &u simply sends (L, V,q) to [L,q]. □ 

Injectivity of <£: Let c' = (h!,u/_,9^) be a Cech cocyle representing a class 
[c'j G ker^c/, and suppose that $[/([c']) = 0. Since = @u ° ${/([c']) = 
oo i([c]), one concludes that [h'] = G H^(U, Z) and hence, one can 
find t G Tot(C , *(U,Z(2) Br ,)) 1 such that cPt = h. It follows that c := 
c' — L>(t,0, 0) = (0,u,9) represents [c'] and is simply given by (w„ ), (0q oq1 ) 
and (^ ), where u£ e F 2 £ 2 (C7), 0°^ G £°(C/ Q()Ql ) and ^ G S 1 ^)- 

Let (g aoai ), (ipao) be constructed as in ([90]) and ([9T]) . representing 3>([c]), 
and observe that h = allows one to take = 0, t^ oai = and f^ oai = 
(cf. STEPS 1 and 2, and ([39"]) ) in their definition. Assuming that $([c]) = 0, 
one can find (p Qo ) satisfying: 



(93) Rao ' a * Polo ~ 1) an d Pao * s holomorphic 

(94) (SWi) = <5(pao) 

(95) = — • 

Polo 

The latter equation gives = dip ao = — ; cf . Remark IB. 61 

Now, the cocycle condition on c = (0, 0, 6) boils down to 

(96) «o)=° 

(97) + <*(O = 

(98) 5« )Q1 )=0. 

Choose y5 Qo such that exp/5 Qo = /9 ao and j5 ao + cr*p ao = 0, and let f® Q be 
as in ([88]) . Hence, by definition one has 

Gfco«i) = (exp^{« ai ) + ^(/° ))}) = <Kp Qo ) 

and 



(99) = ^7 « - <) = = dPoo ■ 



^f0 fl i \ _ d P 
2 -(^ -^ )-- o 

It follows that on.6 can find. tt-q-qq^ G %t(U aoai ) such that 
(100) ^ ^°° Ql) + = *(Pao) + (27ri n Qoai ). 
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Using Lemma IB . 1 1 define 

(101) £ ao ai ■= £(2vri) 2 ( n a ai ) G Z(2)% r (U aoCtl ) 

and define 

(102) b° ao =27rip ao -f° ao €8, (U ao ). 

It is easy to see that 8(£ aoai ) = and that (jlOOp and (|102p give 

(103) r^ aoai ) + 6(b° ao ) = (e° aoai ). 

One obtains a 1-cochain t := ((C« Q «i), 0, (6° )) G Tot (C*(U, Z(2) 3r )) 1 
that satisfies £>(t) = c; cf. ([99]), CS2D, (fl03l and ([EE]). Therefore [c] = 0, 
thus showing the injectivity of 

Surjectivity of 

Represent (L,V,q) € -FW V (X) by a cocycle (G r Q , 0Q , 1 ), (V'ao) satisfying 
the conditions of Remark \5.9\ and let h G Tot (C*(U; Z(2)^ r )) be a cocycle 
representing the element 0((L,V,q)) = [L,q\ G H^(X,Z). Note that 
this cocycle is "unobstructed", in the sense of Type & CASE. Hence one 
can find ^ ,t° oai and /° QC(1 as in ([50]), ([EE]) and ([M]), respectively. By 
definition, g aoai := /° QQl + r(i° oQl ) so that # a<)Ql := exp (2^p aoai ) is a 
cocycle representing the isomorphism class of L as a smooth line bundle 
and satisfying the condition g aoai • cr*g aoai = 1, which gives the desired q, 
positive definite over X(M). 

Therefore, one can find smooth functions p ao such that 

(104) fGaoaA = s ^ - =1 
V 9aoai J 

Now, find G aoai and p ao such that exp(5 aoQl = G aoai , exp p ao = p ao 

and satisfying G aoa + a *G aoai = 0, p ao + a*p ao = 0. 

It follows from (1104j) that one can find n Qoai G Zi(U aoai ) such that 



(G aoai ) = {Sqoqi + ^(Pqo)} + ( 2 ") n «oar Hence: 

(105) 2mG aoai = /° QQ1 + rt° 0Qi + 5(/5 QO ) + (2iri) 2 n aoai . 

Want to find iv ao , 0* o , 6° aoai satisfying: 

(C.l) dco ao = 

(C.2) S(uj ao )=0 

(C3) S(e° aoai ) = (rh° aoaia2 ) 

(C4) « oai ) + ^ o )+r(/ i i oai ) = 

(C5) u; ao =< +r^. 



Note that ([Cl5l) implies (fCTTT) . 
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It follows from (fl"05j) that 

2iri6(iP ao ) = 27ridG aoai = < QQl + r {d B t° aoai ) + S(dp c 
= df aoai + r {hi oai - Sitlj) + S(dp ao ) 

= dfa Qai + Th X aoai + 5 {-Tt 1 ^ + dp aQ ) . 

Therefore, 

(106) = «, Q1 ) + (rh l aoai ) + 5 (-27r# Q0 - rtl + dp ao ) 



Define 



(107) 
(108) 

(109) uj ao 







- -27riip ao - rt l ao + dp ao 



f° 

-2mdip ao , 



and observe that the latter is an invariant closed form of Hodge type (2, 0), 
since ip ao is holomorphic. We now proceed to show that these forms satisfy 

• d9\ = -27ridi/j ao - t(g^ ) = oj ao - T(h 2 aQ ). This gives flCH]) and 
(|CTlj) . as well. 

• 5(uj ao ) = —2'Ki5{dijj ao ) = — 2irid5('ip ao ) = —2nid ^ ^piagi ^ — 
- 2Trid(dG aoai ) = 0. This gives <KJ^\ . 

• c«) = <k/So«i) = c^su**)- This g ives ra- 

• It follows from JESJ and KM]) that = {df aQOll ) + ^h l aoai )+5{e l aQai ) 
which, together with (|108j) . implies (1C.4|) . 

It follows that c := (h,u;, 9) gives a cocycle in Tot (C*(U; Z(2)x>/k)) 2 such 



that [c] e ker ^. 

Finally, one needs to verify that ^([c]) = (L, V,q). At this point, this is 
a mere tautology. Following the steps in the definition of one constructs 
(laom), (£a ) representing $([c]). 

We first find /° Q G £°(C/ ao ) such that df° Q = + r^)} 0,1 ; cf. ®. 
Note that, by definition (|107p . one has 0* + r(t^ ) = —2iriip ao + <i/5 ao , and 
since has Hodge type (1,0), one concludes that +T(i^, )} 0,1 = <9/5 a() . 
Hence, we can choose /° = p ao . 

By definition, 



joa = exp (J— {g aoai + S{pa )}^J 



exp ( — {g aoai + S(pa )} + (2mn aoai ) 



exp(G aoQl ) = G, 
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Also, 



^(^o-K+O 1 ' ) 

— (27T^ ao ) = 1p ao . 
Z7TZ 



2iri 



{dp ao -{9 l ao +Tt l ao }) 



□ 



References 

[Ati66] M. F. Atiyah, K-theory and reality, Quart. J. Math. Oxford Ser. (2) 17 (1966), 
367-386. 

[Bei84] A. A. Bellinson, Higher regulators and values of L-functions, Current problems 

in mathematics, Vol. 24, Itogi Nauki i Tekhniki, Akad. Nauk SSSR Vsesoyuz. 

Inst. Nauchn. i Tekhn. Inform., Moscow, 1984, pp. 181-238. 
[BI086] Spencer Bloch, Algebraic cycles and the Beilinson conjectures, The Lefschetz 

centennial conference, Part I (Mexico City, 1984), Contemp. Math., vol. 58, 

Amer. Math. Soc, Providence, RI, 1986, pp. 65-79. 
[B074] Spencer Bloch and Arthur Ogus, Gersten's conjecture and the homology of 

schemes, Ann. Sci. Ecole Norm. Sup. (4) 7 (1974), 181-201 (1975). 
[Bre67] Glen E. Bredon, Equivariant cohomology theories, Lecture Notes in Mathe- 
matics, No. 34, Springer- Verlag, Berlin, 1967. 
[DI04] Daniel Dugger and Daniel C. Isaksen, Topological hypercovers and A 1 - 

realizations, Math. Z. 246 (2004), no. 4, 667-689. 
[dS03a] Pedro F. dos Santos, Algebraic cycles on real varieties and Z/ '2- equivariant 

homotopy theory, Proc. London Math. Soc. (3) 86 (2003), no. 2, 513-544. 
[dS03b] , A note on the equivariant Dold-Thom theorem, J. Pure Appl. Algebra 

183 (2003), no. 1-3, 299-312. 
[dSLF07] Pedro F. dos Santos and Paulo Lima-Filho, Bigraded equivariant cohomology 

of real quadrics, Preprint, 2007. 
[ES52] Samuel Eilenberg and Norman Steenrod, Foundations of algebraic topology, 

Princeton University Press, Princeton, New Jersey, 1952. 
[EV88] Helene Esnault and Eckart Viehweg, Deligne- Beilinson cohomology, Beilinson's 

conjectures on special values of L-functions, Perspect. Math., vol. 4, Academic 

Press, Boston, MA, 1988, pp. 43-91. 
[Gil84] Henri Gillet, Deligne homology and Abel-Jacobi maps, Bull. Amer. Math. Soc. 

(N.S.) 10 (1984), no. 2, 285-288. 
[Jan88] Uwe Jannsen, Deligne homology, Hodge-D -conjecture, and motives, Beilinson's 

conjectures on special values of L-functions, Perspect. Math., vol. 4, Academic 

Press, Boston, MA, 1988, pp. 305-372. 
[KarOO] N. A. Karpenko, Cohomology of relative cellular spaces and of isotropic flag 

varieties, Algebra i Analiz 12 (2000), no. 1, 3-69. 
[KL07] Matt Kerr and James D. Lewis, The Abel-Jacobi map for higher Chow groups. 

II, Invent. Math. 170 (2007), no. 2, 355-420. 
[KLMS06] Matt Kerr, James D. Lewis, and Stefan Miiller-Stach, The Abel-Jacobi map 

for higher Chow groups, Compos. Math. 142 (2006), no. 2, 374-396. 
[Kra91] V. A. Krasnov, Characteristic classes of vector bundles on a real algebraic 

variety, Izv. Akad. Nauk SSSR Ser. Mat. 55 (1991), no. 4, 716-746. 
[LLFM03] H. Blaine Lawson, Paulo Lima-Filho, and Marie-Louise Michelsohn, Algebraic 

cycles and the classical groups. I. Real cycles, Topology 42 (2003), no. 2, 467- 

506. 

[LMM81] G. Lewis, J. P. May, and J. McClure, Ordinary RO(G)-graded cohomology, 
Bull. Amer. Math. Soc. (N.S.) 4 (1981), no. 2, 208-212. 



11 



DOS SANTOS AND LIMA-FILHO 



[LMSM86] L. G. Lewis, Jr., J. P. May, M. Steinberger, and J. E. McClure, Eqmvariant 
stable homotopy theory, Lecture Notes in Mathematics, vol. 1213, Springer- 
Verlag, Berlin, 1986, With contributions by J. E. McClure. 

[May96] J. P. May, Eqmvariant homotopy and cohomology theory, CBMS Regional Con- 
ference Series in Mathematics, vol. 91, Published for the Conference Board of 
the Mathematical Sciences, Washington, DC, 1996, With contributions by M. 
Cole, G. Comezana, S. Costenoble, A. D. Elmendorf, J. P. C. Greenlees, L. G. 
Lewis, Jr., R. J. Piacenza, G. Triantafillou, and S. Waner. 

[MV99] Fabien Morel and Vladimir Voevodsky, A -homotopy theory of schemes, Inst. 
Hautes Etudes Sci. Publ. Math. (1999), no. 90, 45-143 (2001). 

[MVW06] Carlo Mazza, Vladimir Voevodsky, and Charles Weibel, Lecture notes on mo- 
tivic cohomology, Clay Mathematics Monographs, vol. 2, American Mathemat- 
ical Society, Providence, RI, 2006. 

[PW91] C. Pedrini and C. Weibel, Invariants of real curves, Rend. Sem. Mat. Univ. 
Politec. Torino 49 (1991), no. 2, 139-173 (1993). 

[SGA72] Theorie des topos et cohomologie etale des schemas. Tome 1: Theorie des 
topos, Springer- Verlag, Berlin, 1972, Seminaire de Geometrie Algebrique du 
Bois-Marie 1963-1964 (SGA 4), Dirige par M. Artin, A. Grothendieck, et J. 
L. Verdier. Avec la collaboration de N. Bourbaki, P. Deligne et B. Saint-Donat, 
Lecture Notes in Mathematics, Vol. 269. 

[Wit34] E. Witt, Zerlegung reeler algebraischer Funktionen in Quadrate, Schiefkorper 
iiber reellem Funktionenkorper, J. reine angew. Math. 171 (1934), 4-11. 

[Yan08] H. Yang, RO(G) -graded equivariant cohomology theory and sheaves, Ph.d. the- 
sis, Texas A& M University, 2008. 

Departamento de Matematica, Instituto Superior Tecnico, Portugal 
E-mail address: pedro.f.santos@math.ist.utl.pt 



Department of Mathematics, Texas A&M University, USA 
E-mail address: plfilho@math.tamu.edu 



